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Fatigue fracture
It occurs under conditions of cyclic loading. The process of fatigue is hereditary, i.e. it depends not only on the actual load but on all the history of loading; each of the loading cycles can contribute partially to the final fatigue damage. 
Loading (stress-controlled, strain-controlled):
1. Steady 

2. Monotonous (increasing)

3. Non-decreasing
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The shape of loading cycles as well as their order and frequency do not influence (within the range of common values) the fatigue damage significantly. 
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Basic types of harmonic cycles in dependence of asymmetry coefficient R of the cycle:
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1. Pulsating cycle in compression
2. Passing cycle in compression 
3. Alternating non-symetric cycle
4. Alternating symetric cycle
5. Alternating non-symetric cycle
6. Passing cycle in tension
7. Pulsating cycle in tension
Stages of the fatigue process:
· Change in material properties (cyclic stiffening or softening)

· Nucleation (iniciation) of a crack – in the root of a notch  

· Stable crack propagation – a shell-like part of the fracture surface

· Unstable crack propagation

· Fatigue fracture
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Fatigue characteristics depend not only on material but additionally on:
· shape of the component
· size of the component and non-homogeneity of stress state
· surface quality of the component
· heat treatment and machining of the component.
Therefore the fatigue characteristics are 

· component-specific
· material-specific - basic fatigue characteristics:
· cyklic σ - ε curve described by the formula
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· Wöhler‘s curve (S-N curve) – applicable for high cycle fatigue (HCF), defines the endurance limit σC; it can be described e.g. by the formula 
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· Manson-Coffin curve (logεa-logNC) applicable for low cycle fatigue (LCF); its mathematical description is based on elastic and plastic components of strain amplitude 
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The basic fatigue characteristics are determined for the uniaxial stress state (tension, flexion, eventually torsion – shear stress state) and for a symmetric cycle (σm = 0).  

For non-symetric cycles (σm > 0) the fatigue limit is determined from the Smith or Haigh diagram: 
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Constants for creation of the simplified diagrams (in dependence on the ultimate stress σPt):
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Simplified diagrams
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On the basis of Haigh (Smith) diagram (similar for shear stresses τ as well), the following formulas for the safety factor can be derived:
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or 
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where σae (τae) represents amplitude of an equivalent symmetric cycle with the same factor of safety; this equivalent amplitude can be calculated also by using the following simplified formulas: 
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or
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Computational estimation of fatigue fracture risk
overview of basic conceptions

· Conception of nominal stresses – for unlimited fatigue life
Conceptions for limited lifetime
· Conception of fictitious linear elastic stress – for low cycle fatigue  (LCF) as well as high cycle fatigue (HCF)
· Conception of plastic stress redistribution (Neuber) – for LCF
· Conception of elastic-plastic deformation (FEA) – for LCF
Conception of nominal stresses – for unlimited fatigue life 
It assumes a deterministic loading process, i.e. cycles with fixed middle stress and amplitude. The safety factors (against fatigue fracture) can be calculated (for a symmetric alternating cycle in either normal σ or shear τ stresses) from the following formulas: 
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or from the formulas
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which are valid for any (also non-symmetric) cycle, under condition that the stress components σm  (τm) and σa (τa) are proportional to each other.

The necessary value of component-specific endurance limit  
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) can be determined experimentally with the very component in question or from the following formulas: 
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The values of the size factor vσ = v1 .v2σ (vτ = v1 .v2τ) are illustrated in the figure below; they can be calculated from the formulas
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The v2 factor must be used in the case of a non-uniform stress state (with non-zero stress gradients – bending, torsion) and can be calculated from the formulas: 

The surface quality factor ησ is influenced by the surface roughness and the surrounding mediums (η1<1)
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and by the heat (or chemical) treatment of the component (hardening, nitrogen case hardening) and eventually by its surface machining 
(η2 >1).
Notch factor βσ can be estimated e.g. using Heywood’s formula from the stress concentration factor α (r is the notch root radius in milimeters); for notch factor βτ concerning fatigue in shear, the same formula can be used (however, with the stress concentration factor α estimated for torsion)
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where the dimensionless K constant can be found in the following table (σPt represents the material ultimate stress in MPa): 
	Material
	Notch shape
	K

	Steel 
	Transversal hole
	360/σPt

	
	Shoulder
	280/σPt

	
	Neck
	220/σPt

	Other materials
	Aluminium alloys
	(370/σPt )3

	
	Grey cast iron
	12

	
	Nodular cast iron
	360/ σPt

	
	Cast steel
	4.4

	
	Magnesium alloys
	1.5


The endurance limit evaluated in this way corresponds (within the range of an acceptable error) to the experimental value. As the influence of the notch is accounted for in the endurance limit value (by its reduction), it must not be taken into account in the stress calculation; the conception is based on nominal stress!

Warning!! 
The approach of endurance limit modification preferred in America is different: the influence of the notch is accounted for in the stress calculation and not in the endurance limit value. Consequently, while the endurance limits calculated using both approaches are different, the resulting safety factor is the same. 
In this approach (detailed description see Shigley et al: Mechanical Engineering Design, McGraw-Hill 2004, Chap.7-9 and 7-10), however, the calculated endurance limit differs from the experimental one measured on a component part with a notch. 
However, if the maximum stress in a notch is used in the  calculation, the approach is often unnecessarily conservative, because many materials (steels, aluminium alloys) are less notch sensitive under cyclic loading. Than the fatigue stress concentration factor β (notch factor) rather than α should be used to calculate the (effective) maximum stress; it is lower than the stress concentration factor α itself. The recalculation (similar to Heywood’s formula) can be done by means of the notch sensitivity q defined by the equation

[image: image27.wmf]1

1

-

-

=

a

b

q


The notch sensitivity q can be estimated from the graphs below; unfortunately for component parts with a complex geometry solved using FEM, it is not easy to evaluate the stress concentration factor  α.
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Factor of safety for bars under combined load
Under combined load (non-zero normal and shear stresses in bars), the safety factor is based on the graphical representation of a plasticity criterion in the following coordinates: 
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If the stress components are mutually proportional, the safety factors for normal (kσ) and shear (kτ) stresses can be calculated separately; on the basis of the graph, the following formula for the resulting factor of safety can be derived:
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If the loading and overloading process is not proportional (i.e. the graphical trajectory is not linear), the factor of safety should be calculated as a ratio of the lengths of two trajectories:

1. trajectory length from the origin to the limit point M,
2. trajectory length from the origin to the operation point P.
For some loading trajectories the result can be substantially different from that calculated by using the above formula.
Algorithm for evaluation of safety 
using the conception of nominal stresses 
(valid for unlimited lifetime of bar-like bodies)
1. Analysis of dependences of inner resultants on the time - N(t), T(t), Mo(t), Mk(t).
2. Estimation of time flow of stresses σ(t) and τ(t) in the dangerous points of the bar and estimation of basic parameters of stress cycles (σa, σm and τa, τm) for all the dangerous points.
3. Estimation of the component-specific endurance limit 
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 and construction of the corresponding Haigh diagrams (if the mean stresses σm, τm are non-zero). Then the safety factors can be calculated from the following formulas:
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4. For proportional process of loading and overloading, the safety factors for normal and shear components of stresses (kCσ or kσ  and kCτ or kτ, respectively) can be calculated separately; the resulting safety factor is then calculated from the formula
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5. Safety evaluation: 
kC  > 1 -  unlimited lifetime
kC < 1 - limited lifetime – can be evaluated e.g. on the basis of the conception of fictitious linear elastic stresses.
6. The conclusions based on the safety factor kC are valid only under condition that the safety factor kC is lower than the safety factor kk  against the plastic deformation
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otherwise a plastic strain and consequently low cycle fatigue may occur.

Conception of fictitious linear elastic stresses 
It unifies the Wöhler’s (S – N) curve and Manson-Coffin curve into one curve only to be used for both low and high cycle fatigue on the basis of linear elastic stress calculations. 
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This curve relates uniquely the stress amplitude (fatigue strength) to the achievable number of cycles; it defines the fatigue strength as a function of the required number of cycles. If we know the amplitude of a symmetric stress cycle, we are able to find (or calculate if the curve is expressed mathematically) the number of cycles NC to be achieved under this cyclic load until fracture (with a given probability, being one of the features of the curve). In opposite, it enables us to define the fatigue strength corresponding to a certain required number of cycles.
Neuber conception of plastic stress redistribution (for LCF)
The approach proposed by Neuber enables us to calculate the elastic-plastic strain amplitude in a notch on the basis of the calculated linear elastic stress σa,l. The calculation is based on the following empirical formula: 
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By calculating coordinates of the point of intersection P between the hyperbole given by Neuber formula and the cyclic curve of the material, we can obtain the resulting formula for strain amplitude as follows:
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This value can be used in Manson-Coffin curve to estimate the number of cycles to failure. These estimations are rather conservative when compared to reality.
Energy criterion by Milski and Glinka  (for LCF)

is based on the assumption of equivalent strain energy densities for elastic and elasto-plastic deformations.
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The calculation of εa is possible using some numerical methods; the strain amplitude values are lower than those calculated by Neuber formula, consequently they give higher numbers of cycles to failure, in a better agreement with reality.

Conception of elastic-plastic deformations 
Finite element method (FEM) enables us to calculate strain amplitudes for any shape of bodies and elastic-plastic material models. The maximum value (mostly in a notch) is than used in Manson-Coffin curve to estimate the number of cycles to failure.
All the above conceptions for the limited lifetime are formulated for uniaxial stress states and symmetric stress (strain) cycles.

Multiaxial stress/strain states (for limited lifetime estimation)

The simplest way of how to use Wöhler‘s curve for multiaxial stress states is to calculate reduced stress according to von Mises criterion; for application of Manson-Coffin curve based on strain amplitude, a similar formula may be used for reduced strain. However, this approach is acceptable only for proportionally changing stress/strain tensor components with not-alternating sign.
A more general (and the most frequent and simple) approach is based on the direction of maximum principle stress (or strain) in the investigated point during the cyclic loading. An approximately uniaxial state is assumed here (the influence of other stress/strain components is neglected) and the mean stress/strain and amplitude for this point are calculated from maximum and minimum stress/strain values in this direction. Individual points of the body cannot be compared but at the level of the (using Wöhler‘s or Manson-Coffin curve) calculated safety/risk factor. 

Non-symmetric cycles

In HCF, if the stress cycles show non-zero values of mean stresses  (σm > 0), they can be transformed into fictitious  symmetric cycles (with amplitude σaf) with the same factor of safety by using the following formulas:


[image: image43.wmf]m

a

af

s

s

s

s

Y

+

=


;

[image: image44.wmf]m

a

af

t

t

t

t

Y

+

=


The approach is similar to the application of Smith (or Haigh) diagrams in nominal stress conception for the unlimited lifetime.
For LCF the following modified formula of Manson-Coffin curve can be used:
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where km is another material constant; if experimental data on the effect of mean stress are not available, an approximate value km=1 is used. 

Stochastic lifetime estimation
Graph showing the necessary factor of safety Ki to be applied to achieve a required lifetime NC under conditions of non-deterministic input parameters (stress amplitude and material characteristics).
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Lifetime estimation under stochastic cyclic load
is based on two consecutive steps:

1. decomposition of load time flow into individual cycles,
2. estimation of the total damage by the cycles.
1. Decomposition of a random load time flow into specific types of load cycles. The method of intersection of levels, reservoir method and especially „rainflow“ method are the most frequent in this decomposition. They need to be applied using a special software. 
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Principle of rainflow method
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2. Principle of linear damage cumulation (Palmgren-Miner)
This approach is based on the assumption the partial damage ΔDi caused by a family of loading cycles (having approx. the same parameters) is given by the ratio of the number ni of the cycles in this family to the number Nfi of cycles to failure valid for this type of cycle: 
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The fatigue fracture occurs when the total damage DNf achieves the value of 1; it is estimated as sum of the partial damages from individual cycles with stress amplitudes σai. 
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For the application of Wöhler‘s curve, the formula can be manipulated to obtain the following form:
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where Nfz is the number of cycles corresponding to the endurance limit. Exponent m (being always positive) relates to the slope of Wöhler‘s curve and can be calculated as follows:
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Wöhler‘s curve applied here should be for 50% probability of failure.

In this approach, the partial damage caused by cycles with amplitude  (or equivalent amplitude) lower than the endurance limit σC equals zero. However, this is true only for cycles lower than (0,5 - 0,7)σC. This fact is comprehended in Eurocode 3 standard (EN 1993-1-9), where a decreasing part with lower slope (higher curve exponent m) is added to Wöhler‘s curve for cycle numbers higher than Nfz corresponding to the endurance limit σC (see figure).
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1 – polished surface


2 -  grinded surface


3 – scaled surface
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5 – in salt water





Curve a: - steady value of the stress amplitude


-10% deviation in material fatigue characteristics


Curve b: - 10% variation of the stress amplitude


-10% deviation in material fatigue characteristics


Curve c: - 20% variation of the stress amplitude 


-10% deviation in material fatigue characteristics


Curve d: - 30% variation of the stress amplitude


-15% deviation in material fatigue characteristics
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